The spectral function (also known as the Plancherel measure), which gives the spectral distribution of the eigenvalues of the Laplace-Beltrami operator, is calculated for a field of arbitrary integer spin (i.e., for a symmetric traceless and divergence-free tensor field) on the N-dimensional real hyperbolic space (HN). In odd dimensions the spectral function p(h) is analytic in the complex X plane, while in even dimensions it is a meromorphic function with simple poles on the imaginary axis, as in the scalar case. For N even a simple relation between the residues of p(X) at these poles and the (discrete) degeneracies of the Laplacian on the N sphere (SN) is established. A similar relation between p(X) at discrete imaginary values of X and the degeneracies on SN is found to hold for N odd. These relations are generalizations of known results for the scalar field. The zeta functions for fields of integer spin on HN are written down. Then a relation between the integerspin zeta functions on HN and SN is obtained. Applications of the zeta functions presented here to quantum field theory of integer spin in anti-de Sitter space-time are pointed out.
I. INTRODUCTION
In the Euclidean approach to quantum field theory in curved space-time,' the Wick rotation, i.e., the rotation of the time variable from the real axis to the imaginary axis, is performed in order to make the path integral well defined. If the space-time admits a Euclidean section, the metric becomes a positive-definite (Riemannian) metric, and the one-loop functional determinant can be calculated with the l-function method. 2'3 It is well known that the N sphere (SN> is the Euclidean section for N-dimensional de Sitter space-time. One-loop calculations have been performed using the well-known spectrum of the Laplacian on SN.4*5
It has been pointed out6+7 that one can similarly compute one-loop quantities for scalars and spinors in anti-de Sitter space-time by using the 5 function on the real hyperbolic space HN, which is the appropriate Euclidean section in this case. In general for a noncompact Riemannian symmetric space of rank one [The rank of a symmetric space M is the maximal dimension of a flat, totally geodesic submanifold of M, or, equivalently, the dimension of the (commutative) algebra of invariant differential operators on M, known as Casimir or Laplace operators.8*9], such as HN=SO, (N,l) where the real parameter A labels the continuous spectrum of the Laplacian and the wx are the corresponding eigenvalues. The spectral function p(A) plays the same role as the discrete degeneracies d, of the Laplacian in the case of a compact Euclidean section, where the 5 function is given as I(z)=5 2. n=O n The knowledge of ,u(X) is therefore essential in the construction of the noncompact 5 function.
In the case of scalar fields the function p(X) is known in the mathematical literature as the Pluncherel measure.9 The explicit form of p(X) is available in this case for any Riemannian symmetric space of the noncompact type (with negative curvature), and is given by where the function C(A), known as the Harish-Chandra function, is given in terms of a product over the positive roots of the symmetric space [see, e.g., Eq. (5.38) of Ref. IO] .
[If the rank of the symmetric space is r (sl), the spectrum label A is a vector with r components, A&Y where Y=R' is a Cartan subspace of the symmetric space."] The function C(A) is related to the asymptotic form at infinity of the spherical functions A(X), the eigenfunctions of the radial Laplacian (see, e.g., Ref. 11) . However, little is known about ,u(A) in the case of fields of nonzero spin.
Recently the concept of spherical functions has been generalized to spinors on HN, and ,X(A) has been calculated in that case." In this article the spectral function p(A), whose precise definition will be given in Sec. II, will be calculated for fields of arbitrary integer spin s on HN. The fields of integer spin s are defined here to be the symmetric, transverse, and traceless (SIT) tensor fields of rank s. This definition is a natural generalization of spin-s fields in four dimensions. (Note here that there are other tensor fields that form inequivalent unitary representations of SO,(N,l), such as p-forms, if the dimension N is larger than 4.) Generally speaking, p(A) can be obtained from the eigenmodes of the Laplace-Beltrami operator by imposing the &function normalization of the continuous spectrum. [It will be seen in Sec. II that the spectrum of the Laplacian acting on rank-s SIT tensors over HN is purely continuous except for N=2. In this case there are square-integrable STT eigentensors which contribute a discrete part to the spectrum and are related to the discrete series of SO,(Z, I).] In Ref.
13 the symmetric tensor spherical harmonics (STSH) on the N sphere, defined as the SIT eigentensors of the Laplace-Beltrami operator, have been explicitly constructed recursively, by working in geodesic polar coordinates. Now, it is well known that HN and SN are related by analytic continuation in the geodesic distance, (+ -+ ia. (Alternatively the metrics on HN and SN are related by a 4 ia if the radius a is not normalized to 1.) In this article we analytically continue the STSH's given in Ref. 13 to obtain the eigenmodes of the Laplace-Beltrami operator on HN. Then we compute their normalization factors to find the spectral function p(X).
The spectral function obtained in this way has the following properties. For N odd p(A) is an analytic function and in fact it reduces to a polynomial in the variable A*. For N even ,u(A) can be continued to a meromorphic function in the complex A plane, with simple poles on the imaginary axis. Comparing Eqs. (1.1) and (1.2), one naturally expects some relation between p(A) and the degeneracies d, of the Laplacian on SN acting on a spin-s field. Such a relation is indeed demonstrated here and takes the following form:
where p=(N-I)/2 and where it is understood that for N even the right-hand side means the ratio of the residues of p(A) at the poles A,, = i(n + p + s) and A,. This is a generalization of the results obtained for scalar fields in Refs. 10 and 11. A similar result has been obtained also for spinor fields.'* It is natural to conjecture that a relation analogous to Eq. (1.4) holds for arbitrary fields on any pair of compact and noncompact Riemannian symmetric spaces that are "dual" to each other (see Ref. 8 for the definition of dual symmetric spaces). The general proof of this statement in the scalar case has been obtained only recently.i4 Note that the Plancherel measure p(A) can also be determined by specializing the Plancherel formula for the Lorentz group G=SOo(N,l) (given, e.g., by Hirai") The rest of the article is organized as follows. In Sec. II we compute the spectral function p(A) for the field of arbitrary integer spin s. In Sec. III we demonstrate the relation (1.4). We also sketch an alternative proof of Eq. (1.4) which does not require the explicit formulas for the degeneracies on SN or the spectral function on HN. In Sec. IV we examine the analytic properties of the 5 function (1.1). The results, in agreement with general theory,18 show that the zeta function l(z) extends to a meromorphic function in the complex z plane with simple poles at z= N/Z,N/2 -1 ,..., --c4 for N odd and z=NlZ,N/Zl,..., 1 for N even, and with so-called "trivial" zeros at the negative integers in the odd-dimensional case. In Sec. V we demonstrate a relation between the 5 functions on SN and HN. The relation (1.4) between the residues of p(A) and the degeneracies d, on SN (for N even) suggests that a relation between the spin-s 5 functions on HN and SN may be obtained by deforming the contour of integration of Eq. (1.1) in the complex A plane. By exploring this idea we obtain a contour representation of the spin-s 5 function on the even-dimensional sphere which yields its analytic continuation in the complex z plane. A variation of this idea is then used to find similar results in the odd-dimensional case. In Sec. VI we conclude by pointing out two possible applications of the results of this article. The first is the calculation of the one-loop effective potentials and stress-energy tensors for higher-spin fields in anti-de Sitter space-time. The second is the computation of the one-loop Casimir energy in static space-times with topology RX HNlr, where HNIT is a compact hyperbolic space with l? being a discrete subgroup of SOo(N,l). In the Appendix the 5 functions for symmetric traceless fields, without the requirement that they be divergenceless, are studied to provide some insight into the relation between the spin-s 5 functions on HN and SN obtained in Sec. V.
Il. THE SPECTRAL FUNCTION FOR INTEGER SPIN
In this section we derive an explicit formula for the spectral function p(A) of rank-s SIT eigentensors of the Laplace-Beltrami operator. We start by motivating and giving the precise definition of the spectral function p(A). Consider the heat kernel of the operator -V"V,+K (where K is a fixed constant) acting on SIT tensors of rank s on HN (Na3) of radius 1, defined by the following equations: (2.1)
where the differential operator VT', acts on X. The heat kernel K~,...~sVI "'V~(~,~',t) is a symmetric bitensor, i.e., a tensor at the point x with indices ,ui,...,,~~ and at the point x' with indices v, ,...,vs . It is required to be traceless and divergenceless as a tensor at x and at x'. The 6function in Eq. (2.2) is the STI S function which extracts the transverse-traceless (TT) part of a symmetric tensor. We define the l function for SIT tensor fields in analogy with the scalar case6 as dt tZ-kp ,... pSp,"'*s(x,x,t).
(2.8)
Homogeneity of the hyperbolic space HN implies ['H'(z,~) = <'N'(z,O) , where 0 denotes the "origin" of HN (which may be chosen arbitrarily). We shall denote eH)(z,x) simply by eH)(z) for this reason. By using the mode expansion (2.7) we find
where b* = p* + s + K, and the spectral function p(A) is defined by /L(h)=$$ c jpu)* . r;CW(()), u with 27?* nN-lGr(N,2) ?
2N-2 cNc-9.r ' (2.9) (2.10) (2.11) (2.12)
The spin factor g(s) is the number of independent solutions with a given momentum (k',k* ,...,kN) 
It is clear that the volume integral of I&]* will be badly divergent if A is imaginary. Hence the complete set fo; square-integrable functions on HN is given by Ahla with positive A.
We define &la to be the normalized eigenfunctions proportional to c&, i.e., ~A,CT=NA,~Al*~ (2.29) 30) where the inner product is defined by Eq. (2.5).
As is well known in the general theory of Sturm-Liouville equations, the normalization integral of c#+~~ is determined by its large-y behavior. Thus, we find where G(I) is the degeneracy of the eigenvalue -1( 2 + N-2) of the Laplacian h, which is given by where g+ is the metric tensor on SN and gas is its inverse. The "angular momentum" L( 2s) is an integer.20 It is convenient to introduce the following resealing:
where the indices i i ,. . .,i, refer to angular coordinates on SN-'. Equations (2.38)-(2.40) are equivalent to the following set of equations:
where vij is the metric on the unit SN-' covariant derivative on SN-' and $ is its inverse. The differential operator qk is the and the indices are raised and lowered by 77ii. It is interesting that these equations do not depend on the spin s. where
(2.54)
For the case with N=3, n = 1, and m =0, Eq. (2.54) becomes indefinite. The correct formula is given by letting N --+ 3+~ and taking the limit E -+ 0. This procedure works for all the formulas that become indefinite for N=3 in this section. The formulas (2.53)-(2.54) can be proved by induction starting with 
(2.58)
By integrating by parts and using Eq. (2.52) we find n we obtain the lemma by substituting Eq. (2.54) in Eq.
Since the inner product is positive definite, 'i:.?'!f,"@, 
(n odd). (2'66) 11'2 From Eq. (2.64) we find by definition
The other coefficient functions c~;~~')(x) are uniquely determined by the divergence and trace conditions (2.43) and (2.44). These conditions lead to the following recursion formulas: In summary, for each STSH on SN-', film!:: (m = 0, 1 ,. . . ,s for N>4, and m =O,l for N=3 as will be shown later in this section) with sGlGL, there is a solution of Eqs. (2.42)-(2&t) which satisfies Eqs. (2.63) and (2.64).
As an example, we consider the case with s =2. The solutions to Eqs. (2.38)-(2.40) with label m =2 are given by H($f'O) = Hs210) = 0 and (2.70)
The solutions with m = 1 are given by HFirU) =O and where c~~'~~')(x) is given by
The above analysis for eigentensors on SN can be applied to those on HN (N>3) simply by letting x=iy and L = -p+ ik. Thus, the eigentensors hc,'?!:J on HN are obtained from those on SN by analytic continuation as ,+A+) = ik( sinh y)2k-'fi~.?.'~) , Y'"YI, "'Zk (2.77) where l=s,s+ l,...,~ and ~A.~zP)=F!~m.zP)~,_-p+ix x=iy. *, " Lk '," 'k We write the normalized STT eigentensors fi::mf.$ as
The scalar normalization factors NA, are given by Eq. (2.31). From the normalization condition (2.5) we have
To evaluate this inner product and find CA& we first note that (2.80) 
(2.85)
Therefore we have It is straightforward to compute the spectral function /A(X) using the formula (2.10) [with g (1) = 11. We find that it is the same as that for the scalar field. Hence we have the following result: ) we find that the coefficient K"'(X) vanishes only if N=3, m=O, and X=0. However, the coefficient cl(X) given in Eq. (2.28) has a pole at X=0. Thus, the product K"'(A)cl (A) is nonzero even for this case. Therefore, any squareintegrable SIT tensor on HN (Ns3) can be expanded in terms of the eigentensors in the continuous spectrum.
Ill. A RELATION BETWEEN ,x AND THE DEGENERACIES ON SN
For N odd the spectral function calculated in the previous section is a polynomial in X2. For N even it can be continued to a meromorphic function in the complex A plane, with simple poles on the imaginary axis at Q.E.D. Since the proof of Theorem 3.2 requires the explicit formulas of the degeneracy dit' and the spectral function p(A) which were derived separately, it cannot be generalized easily to other pairs of symmetric spaces "dual" to each other. In the rest of this section we shall present a sketch of a proof for N>4 which may admit a generalization. We let~dLs-d~~) and &(A)=p(A where the identification L = -p + iX has been used. By a similar argument as that which led to Bq. The close relationship between the degeneracies on SN and the spectral function on HN (Theorem 3.2) suggests that there is a simple relation between the spin-s 5 functions on these two spaces. In this section we obtain this relation by means of complex contours. The technique used here is similar to that of Dowke?2 who obtained the analytic continuation of the 5 function for the minimally coupled massless scalar field on SN by writing the sum (1.2) in contour form and then deforming the contour in the complex X plane. We use here a slightly different method which leads to an analogous result for spin s in a somewhat simpler way. We continue to require Na3.
Consider a wave operator of the form -VT,+ (see Ref. 13) . Therefore the value of b2 for the massless field with s 3 1 for the Euclidean sections SN and HN is b2=p2+(s-2)(s+N-3)=(p+s-2)2.
(5.5)
Hereafter the radius a will be normalized to the value 1. It is necessary to distinguish between even and odd N, since the spectral functions have different analytic properties in the two cases. The final formulas, however, will be the same.
A. N even
Consider for Re z > N/2 the integral I= P ,4A)dA r (-X2-b2)z (5.6) over the contour I? shown in Fig. 1 . We define the phase by letting (-X2-b2)z= 1 -X2-b21z on the segment [ib, + iw] . The integrand has two branch points at A= tib. The cuts are chosen to run from ib to ib--03, and from -ib to -ib+m. For simplicity we assume p+s-2<b<p+s
( 5.7) so that the branch points lie between the two sets of poles (3.1) and (3.2) of ,u(A) (this restriction will be removed later). The contour r is a rectangle of vertices (-R,R,R+iR,-R+iR) deformed around the cut at ib to the contour y consisting of a small semicircle of radius e=q -b centered at ib and of the segments [iq-R, iq] 
The point iR lies between consecutive poles, i.e., p+s+n<R<p+s+n+l.
(5.8)
The integrand in I is analytic inside the contour r except for the simple poles on the imaginary axis. By applying the residue theorem we obtain L=s W+d2-b21Z
k=O P2--b+k-U21Z 
To simplify this expression further we use Eq. (5.10) and the identity in the integral over y, and show that the term "-1" gives no contribution, i.e., I f(A)dA y cA2+b2jz =O, Re z$ . We thus obtain the following form of f" '(z) , valid for all z:
Furthermore, one can show by using Proposition 3.1 that Since the last two terms in Eq. (5.17) are analytic, we see that e"(z) carries the same poles and residues as tH)(z) in Eq. (4.8) [ see Eq. (4.9) ]. The finite parts of these 5 functions are of course different. Equation (5.19) is well suited for analytic continuation to negative values of z. If Re z< 1, it is possible to obtain a simpler expression for the integral over 'y. Consider the integral over the semicircle around the point ib. By letting A -ib = Eeie we see that as E + 0 this integral behaves as c1 -Re z. Thus, if Re z< 1, the contour y can be contracted to run along the edges of the cut and there is no contribution from the semicircle. By using the phases We immediately see that the function ,G(A) has simple poles given again by Eqs. (3.1) and (3.2) and is otherwise analytic in the A plane. By calculating the residues at the poles in Eq. (3.2) we find res iiW+p)) dL, res j-qi(s+p)) =d,, 9 L=s,s+ I,... . The finite sum of residues (the third term) will again contribute to f"'(z) at z=O,-l,-2,... In particular, although the 5 function for the massive scalar field on SN, N odd, vanishes at zero and negative integers, the 5 function for the symmetric traceless divergenceless fields of spin s > 1 on SN, N odd, does not vanish at these values.
For N=3 we obtain Eq. (5.33) except that the first term in the sum over k must be taken with a coefficient l/2. That is, it must be --$(0)be2" rather than -f(0)be2 '. The reason is that the "lowest" pole at A=i(p- 1) in Eq. (3.1) coincides with zero for N=3 (p= 1). This implies that the contour I of Fig. 1 [We can start with the integral (5.6) with denominator (-X2-b2+a2m2) to obtain the same result.] The case of u2m22 b2 is more complicated and will not be discussed here. Similar considerations can be repeated for N odd.
VI. CONCLUSIONS
It is natural to conjecture that Theorem 3.2 can be generalized to any field defined on a pair of "dual" Riemannian symmetric spaces. In the case of scalars the generalization of this theorem to any such pair was stated, without proof, in Refs. 23,11,10. The general proof for scalars, based on the work of Vretare," has been obtained by Helgason. 14 The case of Dirac spinors and of antisymmetric tensor fields on HN has been considered in Refs. 12,17. The general proof of a relation analogous to Eq. (3.8) for arbitrary vector bundles on G/K-UIK can be obtained by using the Plancherel formula for L2( G) .
A possible application of the results obtained in this article is to quantum field theory in anti-de Sitter space-time. As observed in the introduction, the functional determinant of the operator -V"V,+K may be defined from the corresponding 5 function on the Euclidean section H4 according to3 det[-V"V,+K]=exp [-l'(O) ].
(6.1)
Thus one can carry out for anti-de Sitter space-time the one-loop calculation of the effective potentials and stress-energy tensors in the 5 function method (see Refs. 6, 7, 25) . The corresponding calculation for de Sitter space-time, using S4 as the Euclidean section, was considered by Allen.4 Another application is to the computation of the one-loop Casimir energy for fields defined on static space-times with topology R X HNIT, where F is a discrete subgroup of SO&J, 1) acting freely and properly discontinuously on H*, such that H*lr is a compact space of constant negative curvature. This problem has been discussed recently in the case of scalar fields in Refs. 26 and 27 (N=2) The case N=3 may be relevant for cosmology, where in the open Friedmann-RobertsonWalker models (k= -1) the topology of the spacelike three-surfaces is not known a priori, and is not determined by Einstein's equations.30 By making use of the Selberg trace formula one obtains the 5 function31 '29 Pr(z) = f-k,pqz) + 5'(z), (6.2) where flF is the volume of the fundamental domain of HNIT. The "topological term" c(z) may be written as a sum over the multiple closed geodesics of H*/r. The results obtained in this article allow one to calculate the first term in Eq. (6.2) for fields of integer spin.
We use the conjecture that the spectral function for f&Y(j;i:'@ , defined in the same way as that for h(AklU) PI"'&' is pk(A) without proof. (We do not know a rigorous prOOf of this COUjeCtUre, but it is intuitively clear if one considers the spectral function as an appropriate limit of the degeneracies on HN with an infrared cutoff at large y. We have also checked this statement for s = 1 using the explicit formulas.) Then, the 5 function iiH '(z) where fk(A) is given by letting s + k in Eq. (5.37). Thus, the contribution due to the third term in Eq. (5.36) and that from the subtraction term in Eq. (A4) cancel each other, and there is no mismatch between ii')(z) and iiH'(z) at z= -n (n=O,l,...). Hence, Eq. (5.23) follows from Eq. (5.24) for the traceless fields that are not required to be divergenceless.
